ABSTRACT. In this paper we consider a countable discrete group G acting ergodicaly and a.e. free, by measure preserving transformation on an infinite measure space (X , ν), with σ-finite measure ν. Let Γ ⊆ G be an almost normal subgroup, with fundamental domain F ⊆ X of finite measure. We consider the countable, measurable equivalence relation R G on X induced by the orbits of G, and let R G |F be its restriction to F (thus two points in F are equivalent if and only if they are on the same orbit of G). The C * -algebra groupoid structure corresponding to such a quotient was studied in
1 p ]), Γ = PSL 2 (Z), p a prime number, the relation R G |F is the equivalence relation associated to a free, measure preserving action, on F , of a free group with (p + 1)/2 generators. The Hecke operators associated to this action of the free group are the Hecke operators associated to the action of double cosets of G on F .
Let G be a countable, discrete group acting ergodicaly, by measure preserving transformation on an infinite measure space (X , ν), with σ-finite measure ν. In addition we assume that Γ ⊆ G is an almost normal subgroup, that has a fundamental domain F of finite measure in X . We consider the countable measurable equivalence relation R G on X induced by the orbits of G, and let R G |F be its restriction to F (thus two points in F are equivalent if and only if they are on the same orbit of G). The C * -algebra groupoid structure corresponding to such a quotient was studied in ( [LLN] , [RP] ) .
In this paper we analyze the generators and relations for this algebra. In Theorem 4 we establish a precise generators and relations presentation for the above quotient algebra. The abelian subalgebra is the infinite measure space construction of the space associated to a Schlichting ( [Sch] , [KLM] , [Tz] ) completion of G, the measure is an invariant measure deduced from the fundamental domain of the action, and the action of the generators is a Fock space type of action on the infinite measure space.
Moreover, we give an explicit description for the action of the generators of R G |F on X , which is context free (does not depend on X ) in the sense of symbolic dynamics.
In the case G = PGL 2 (Z[
]), Γ = PSL 2 (Z) we use the precise formula of the composition relations for the generators for the * -algebra associated to the equivalence relation R G |F . This proves that for G = PGL 2 Ä Z[
, p ≥ 3 a prime, Γ = PSL 2 (Z), if the action is a.e. free, then R G |F is treeable and has cost p+1 2
. Hence, by the results of Hjorth, the equivalence relation is implemented by the action of the free group with p+1 2 generators on F . Moreover, the radial algebra of the free group (the algebra generated by convolutors in the words on Fp+1 2 of equal length have equal weight) will coincide with the Hecke algebra corresponding to G, Γ and to the action on X .
In particular, we prove that in analogy with the measured equivalence for groups ( [Ga] 
is infinitesimally orbit equivalent to Fp+1 2 , p ≥ 3 (see Corollary 7 for the definition of infinitesimally orbit equivalence ).
We start with the construction of a family of generators for the relation R G |F . Proposition 1. Let G be a discrete group acting by measure preserving transformations, almost everywhere free X . Assume that Γ is an almost normal subgroup, having a fundamental domain F ⊆ X , of finite measure.
Let as above R G |F be the countable equivalence relation on F , defined by requiring that x ∼ y if Gx = Gy.
For g in G, define the transformationΓg on F as follows: Let x be in F , since F is a fundamental domain, there exists a unique γ ∈ Γ and x 1 in F such that gx = γ 1 x 1 .
We defineΓgx = x 1 = γ 
Note that with the above notations one could define a two cocycle α = (α 1 , α 2 ) : G × F with values in Γ × F , by defining α(g, x) = (γ 1 , x 1 ). This cocycle could then be used to construct the adelic action of G, which would be implemented by the same cocycle.
Proof. The only thing to prove here is the statement about counting images and preimages. But this follows from the fact that the domain F 0 = gs i F is fundamental domain for Γ g −1 and it covers [Γ : Γ g ] times the set F . Here s i are coset representatives for γg into Γ.
The transformationsΓg, g ∈ G have a natural composition rule. The composition rules are similar to the multiplication rules from the Hecke algebra, just that they have to be taken on pieces. r j , and hence
].
Let χ A r j g 1 ,g 2 be the characteristic functions of these sets. ThenΓ
Moreover, the sets A
Proof. Since G acts freely almost everywhere, we may simply work on an orbit of G. So we way assume that X = G, and that F = S is a system of coset representatives for Γ \ G. (The only point where the initial data would enter would be in the measure of the sets in the partitions from the previous proposition.)
Given s ∈ S and two left cosets Γg 1 , Γg 2 we calculate the compositioṅ Γg 1Γ g 2 s.
Thus assume that g 2 s = γ 2 s 2 for some γ 2 ∈ Γ, s 2 ∈ S and thusΓ g 2 s = s 2 .
Then s 2 = γ −1 2 g 2 s and hence
2 g 2 s. We need to identify to which coset of Γ g r j for some fixed j, thus assume γ
). Thus
On the other hand, there exists γ 1 ∈ Γ such that g 1 r j g 2 s = γ 1 s 1 , s 1 ∈ s. Thuş Γg 1 r j g 2 s = s 1 . From the above formula we conclude
We have to determine the conditions that we have to impose s, so that γ 2 belongs to Γ g −1 1 r j . But the relation defining s 2 was g 2 s = γ 2 s 2 .
r j , which is equivalent to γ 2 ∈ r −1
, is necessary and sufficient that g 2 s belongs to r −1
Since the cosets r −1
are disjoint and S is a set representatives, it follows that γS ∩ S = φ for all γ = e and hence γ 1 S ∩ γ 2 S = φ if γ 1 = γ 2 . It follows that that the intersection r −1
From here it follows that the sets A
Note that obviously the decompositioṅ
S∩S depends only on the class Γg 1 of g 1 (as Γ g
The formula does not depend either of the choice the representative g 2 in Γg 2 , since changing g 2 into γ ′ g 2 would have the effect of permuting the sum, since
]}. By using the methods from the previous proof, we prove the following.
Lemma 3. Let S be as in the proof of the previous lemma. Let g ∈ G and let α i be a system of right representatives for cosets of
. Note that as before the sets A α i ,Γg are partition of S, while the sets B α i ,g are not a partition in general; they may have overlaps in S.
Moreover,Γg| A α i ,Γg is bijective and the inverse is˙
Proof. The fact that the image throughΓg of the set A α i ,Γg is α
Let s be an element in
To verify the inverse formula we have to calculate˙ Γg −1 α iΓ g. By the previous proposition we have to chose r j , a system of right representatives for
Then the previous formula gives thaţ
In the above formula, we get the identity exactly when α i r j belongs to Γ g . Then the identity term will occur on the set
when α i r j belongs to Γ g . But in this case the set is g(α i r j )
It is easy to see that this formula is consistent, that is if we apply formula this to˙ Γg −1 α i on α i Γ g gS ∩ S we get the same result.
Observation 4. In general if we want to compute the inverses of all Γgr j , where r j are a system of left coset representatives for Γ g −1 in Γ (thus Γ = Γ g −1 r j ) and then ΓgΓ = Γgr j . Then by the above result (and since Γ gr j = Γ g ) we obtain that the inverse ofΓgr j on the set (gr j )
In the following we want to describe the algebra B of subsets of of F that are invariated by the transformationsΓg taken on their domains of bijectivity. (Here again, for simplicity, as in the proof of Proposition 2 we work directly on an orbit of G and thus an instead of the set F we simply work on a subset S in G of Γ-cosets representatives).
Clearly, B contains first all sets of the form α
The sets g −1 Γ g α i S ∩ S are easily written in the form
. It is clear that by decomposing Γ g with respect to smaller normal subgroup Γ 0 ⊆ Γ g as Γ g = a γ a Γ 0 , the sets in formula (1) are also of the form
In the following theorem we describe explicitly, in terms of the generators introduced in Proposition 2, the structure of the equivalence relation. We will also give an abstract description of the Borel algebra B.
Theorem 5. Let K be the profinite completion of Γ with respect to the lattice L generated by the subgroups of the form σΓσ −1 ∩ Γ, σ ∈ G and let S be the disjoint union of the cosets KgK, where ΓgΓ runs overs a system of representatives for cosets of Γ in G. Then S is locally compact, totally disconnected group with a canonical Haar measure.
Let Y be the infinite product of the measure spaces S. Let F be the fundamental domain of Γ in X considered above. We define a measure ν F on subsets of Y which are products of sets with a finite number of factors, as follows: let C i be closures, in S, of the cosets C i = g i Γ i , i = 1, 2, ..., n, where g i are elements of G and Γ i are subgroups in L. We define
Then, the algebra of the quotient relation of the action of the group G on X will the be generated by the elementsΓg, g ∈ G and the algebra
The generating elementsΓg are subject to the relations in Proposition 2. More precisely for g 1 , g 2 ∈ G, assuming that r j , j = 1, 2, . . . , [Γ : Γ g in Γ. we havė
For g ∈ G, let α i be the coset representatives for Γ g ⊆ Γ. Then elements
are partial isometries with initial spaces the projections
The transformation (Γg)χ g −1 Γgα i , acts by measure preserving partial transformations on the space Y, and the action on Y is abstractly described in terms of the structure of the space of cosets structures alone. Assume that
, is a finite product as above. Let Γ 1 be a sufficiently small normal subgroup of Γ g , and decompose Γ g = r j Γ 1 . Then, for all i, j the partial isometry (Γg)χ g −1 Γgα i , maps the characteristic function of the set
Moreover, the pairing
is a representation of the pairing C(S\K) × C(K/S) taking values in the vector space
Proof. It is sufficient to describe the action of the generatorsΓg, g ∈ G on a domain of bijectivity. For a fixed g ∈ G, we let (α i ) i be a system of representatives for Γ g ⊆ Γ, that is Γ = Γ g α i and consider the restriction ofΓg to
Let Γ 0 a subgroup of Γ and let
be one of the generators of the Borel algebra B introduced above. We will consider the Borel algebra generated by subsets of F of the form
..,gn, Γ 1 ,...,Γn = {s ∈ F | g 1 s ∈ Γ 1 F, . . . , g n s ∈ Γ n F }.
where g 1 , g 2 , . . . , g n ∈ G, Γ i , . . . , Γ n are subgroups of Γ of finite index, in the directed subset L of subgroups of Γ. It is clear that by dividing each of the subgroups Γ i into cosets with respect to a smaller common subgroup Γ 0 , we arrive at the situation where we only work with the Borel subalgebra generated by subsets of F of the form
We may also reduce to the case in which we work only with g i in a fixed system R of representatives for cosets of Γ in G. Le r j be a system of representatives for Γ 0 in Γ, thus Γ = r j Γ 0 , j = 1, 2, . . . , [Γ :
Then the following sets:
where g 1 , . . . , g n run over the system of representatives R, j 1 , . . . , j n run over {1, 2, . . . , [Γ : Γ 0 ]} and Γ 0 runs over L, are a system of generators of the Borel algebra B of subsets of F generated by the partial transformations and the sets appearing in the composition formula. SinceΓg is bijective on the set
we let Γ 1 a smaller normal subgroup (we will determine later how small it has to be taken), and decompose Γ g = r j Γ 1 . Hence the set in formula (3) becomes the disjoint union of the sets
We want to determine the image throughΓg of the set
Note that because of normality of Γ 1 , we have that r j α i Γ 1 = Γ 1 r j α i . We fix f an element in the set (4). Then gf is of the form θ 1 r j α i f 1 with θ 1 in Γ 1 and f 1 ∈ F . Moreover, g i f ∈ Γ 0 F . ThenΓgf = f 1 , and
, which is the some as
Hence the condition on f 1 is that
We also have to write down the condition that f 1 belongs to the image of {s | gs ∈ r j α i Γ 1 F } throughΓg. But for all j, we have f = g −1 θr j α i f 1 so
Thus the condition on f 1 is that it belongs to
Note that the first set in the intersection is also described by the formula
where
When translating this into the terms of measure space L ∞ (Y, ν F ) we obtain the statement in the theorem.
For the last part of the proof note that if π Koop is the Koopman representation of G on L 2 (X , ν) and P is the projection operator of multiplication on L 2 (X , ν) with the characteristic function of χ F , whose image is L 2 (F, ν), then we have the formulȧ
The required multiplicativity property was then proved in the paper [Ra1] .
In the following proposition we use the properties of the generators of the algebra associated to the equivalence relation, and their multiplication formula from Proposition 2, in the case
We obtain very specific formula for the composition of the generators .We also prove the relation of equivalence on the fundamental domain is induced by an a.e. free action of a free group with (p + 1)/2 generators, in such a way that the Hecke algebra corresponding to the inclusion Γ ⊆ G of Hecke operators acting on L 2 (F, ν) coincides with the image, through the Koopmann representation of the free group, of the radial algebra in the free group.
We are indebted to the anonymous referee of a first version of this paper for pointing out to the author that a related argument was considered in the paper [Ad] .
Theorem 6. Let p ≥ 3, be a prime number. We let the group G be
) and let Γ = PSL 2 (Z). We assume that G acts a. e. freely and ergodicaly, by measure preserving transformation, on an infinite measure space (X , ν), with σ-finite measure ν. In addition we assume that the action of Γ ⊆ G admits a fundamental domain F , of finite measure, in X .
We consider the countable measurable equivalence relation R G on X induced by the orbits of G, and let R G |F be its restriction (see [Ga] ) to F . Thus two points in F are equivalent if and only if they are on the same orbit of G. 
Then the set of partial transformations introduced in Proposition 2:
A = {Γg| g −1 Γgs g i F ∩F | Γg
, is closed under taking the inverse (this is also valid in general if
Note that the set A has cardinality p + 1. (that is the selfadjoint elements χ n = sum of words in the generators of length n, n ∈ N) have the property that χ n as an operator on L 2 (F ) coincides with the Hecke operator T σ p n , where
Moreover, any relationΓ
Consequently the Hecke operators associated with Γ ⊆ G and an action of G with fundamental domain for Γ are similar to the Hecke operators considered in [LPS] and associated to the action of a free group on a sphere.
Proof. To prove that treability, recall ( [Serre] ) that the action of Γσ p Γ on the cosets in Γ \ G p copies exactly the action of the radial algebra on the elements of the free group Fp+1
2
. By this we mean that the Cayley tree of Fp+1 2 with origin the neutral element e is identified with Γ \ G (with elements of length n corresponding to cosets in Γσ p n Γ). In this way the multivalued action of Thus in any sequenceΓ g 1Γ g 2 . . .Γ g n f = f , f ∈ F with Γg 1 , Γg 2 , . . . , Γg n cosets in [Γσ p Γ], which will correspond to some cancellation, γg 1 r j g 2 r j . . . g n−1 r j g n f = f, this will be possible if and only if we have successive cancellations of the form g j r j g j+1 ∈ Γ, which correspond to multiply in the above product, the transformationΓ g j with its inverse.
Thus the equivalence relation is treeable, with generators and their inverses being the transformationsΓg, restricted to its domain of bijectivity.
Since this set is closed under inverses and the total area of the domains is p + 1 it follows that the cost of the relation is . (This is easily extended for p = 2.) By Hjorth theorem [Hj] , we can find a free group Fp+1 2 whose orbits define the relation R Gp |F .
Since we have that the set of point images and set of point preimages of the p + 1 elements elements in the set A have cardinality exactly p + 1 in the set F , and A is closed to the inverse operation, it follows that there is no obstruction into measurably breaking the elements in A into partial transformations, and recomposing them into a set A ′ of p+1 bijective transformations, such that the set A ′ is closed to the operation of taking the inverse. The new elements in the set A ′ preserve the property of having no relations (except the cancellations due to the inverse operation), and hence the elements in A ′ generate a free group action. The radial algebra element χ 1 is the sum of the transformation operators induced by the elements in the set A ′ and this is equal to the the analogous sum for the elements in ′ But this sum is the Hecke operator [Γσ p Γ] acting on F .
We introduce the following (definition) corollary of the preceding discussion: Before proving the theorem we note that the above the formulae (6) may be used to define a direct scalar product on the linear space of cosets C(Γσ|σ ∈ G) having as basis the cosets of Γ in G.
Then the formula (5) proves that the formula of the action the Hecke operators remains the same, while the constant function 1 in L 2 (F, ν) becomes the identity coset. This copies the action of the Hecke algebra on L 2 (Γ/G), the only difference consisting in the formula of the scalar product given by the positive definite function α.
Obviously in formula (6), if σ 1 is the identity element then the value of the scalar product is 1. Also if, for σ 1 , σ 2 ∈ G, we decompose the coset σ 1 Γσ 2 as a finite disjoint union ∪ j g j Γ h j of cosets of smaller modular subgroups, where for all j, g j , h j ∈ G, then the computation of the right hand side term in the formula (5) is reduced to the calculation of the distribution:
where s i are the right coset representatives for the group Γ σ 2 in Γ.
Proof. The formula (5) is a consequence of the considerations in Appendix 2 in ( [Ra] ). To prove formula (5) we note that for σ 1 , σ 2 ∈ G, we have:
Since F is a fundamental domain, and ν is a G-invariant measure, this sum is further equal to γ∈Γ ν(σ 1 F ∩ γσ 2 F ).
From here we deduce formula (6). If σ 1 is the identity, the formula computes the measure of σ 2 F , which is 1 by hypothesis. The rest of the statement is obvious.
